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Abstract
In order to localize fermions on branes with codimension one, one usually introduces the Yukawa
coupling between fermions and background scalar fields or the recently proposed derivative fermion-
scalar coupling in [Phys. Rev. D 89 (2014) 086001]. In this paper, we explore the coupling between
a spinor field Ψ and the scalar curvature of spacetime R, ηΨΓM∂MF (R)γ
5Ψ¯ with F (R) a function
of R, to investigate localization of the fermion. Because of Z2 symmetry of the extra dimension,
the new coupling mechanism proposed here can easily deal with the problem encountered in the
Yukawa coupling with even background scalar fields. More importantly, the new mechanism will
also work for the branes without background scalar fields. By investigating three examples, we
find that fermions can be localized on the branes with the new mechanism.
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I. INTRODUCTION
In the last two decades, the idea that our universe is embedded in a higher dimensional
spacetime has attracted much attention since Arkani-Hamed, Dimopoulos and Dvali (ADD)
[1] and Randall-Sundrum (RS) models [2, 3] were presented. Extra dimensions not only
provide a new view of spacetime, but also can solve some outstanding problems that the
standard model cannot deal with, such as dark matter [4, 5], dark energy [6, 7], gauge
hierarchy problem [1, 2, 8–11], and cosmology constant problem [12–15].
Many interesting phenomena have been found based on braneworld theories, especially
the RS models and their extensions [13, 15–24], where the brane is assumed infinitely thin.
However, the brane should have a thickness from a realistic point of view because there exists
a smallest scale in a fundamental theory. When the energy corresponding to the thickness
of the brane is as large as the one we are concerned about, the thickness of the brane cannot
be neglected. Therefore, some thick brane models [25–27] have been presented, where these
branes with thickness are generated by scalar fields coupled with gravity. In this thick brane
scenario, the brane is explained as a domain wall where our four-dimensional universe is
located. A thick brane (also called as domain wall) model is usually based on the minimal
(or nonminimal) coupling between gravity and one or several bulk scalar fields [9, 25–36].
One can also use vector fields [37] or pure geometry [38–43] to generate a thick brane. See
Refs. [36, 44] for more comprehensive reviews of various thick branes.
In the thin braneworld scenario [1, 2], matter fileds are assumed to be confined on the
brane, and only gravity is free to propagate on the brane and in the bulk. However, in
thick braneworld scenario, all fields (including gravity and matter fields) are in the bulk.
Therefore, the zero modes of all matter fields, which stand for our four-dimensional matter
fields, should be localized on the brane in order not to contradict with the low-energy
experiments. Thus, localization of bulk matter fields is a significant and interesting topic in
thick braneworld theories, and it is meaningful to explore how to confine matter fields on the
brane in a natural way. In general, free massless scalar fields can be localized on the RS-type
brane [45, 46]. Free vector fields cannot be localized on the RS-type brane embedded in five-
dimensional spacetime, but they can be localized on the RS brane embedded in some higher-
dimensional spacetime [47] or some de-sitter thick branes with finite extra dimension [48] or
Weyl thick branes [49]. In recent years, some new and interesting localization mechanisms
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have been introduced [50–57] for vector fields.
Since the most elementary particles composing the matters in our four-dimensional uni-
verse are spin−1/2 fermions, it is very important to study localization of fermions on brane in
thick braneworld theories. There are many works (see for examples Refs. [58–74]) that study
the characteristics of the fermion localization. In the brane models where the branes are
generated by one or several scalar fields, one can introduce the coupling between fermions
and the background scalar fields to trap fermions on the branes. When the background
scalar field is an odd function of the extra dimension, a usual choice is the Yukawa coupling
between fermions and the background scalar field [58, 61, 62, 64–71, 74]. However, when the
background scalar field is an even function of the extra dimension, in order to get an effec-
tive potential function with Z2 symmetry along the extra dimension, the Yukawa coupling
cannot work any more. In order to solve the problem, other coupling mechanism is needed.
In the recent paper [75], the authors adopted the following derivative coupling
ηΨ¯ΓM∂MF (φ)γ
5Ψ, (1)
for which the scalar field can be an odd or even function of the extra dimension. If there
are even and odd background scalars in the thick brane model, one can also consider both
the above mentioned couplings at the same time [63].
It is clear that all the previous localization mechanisms for fermions are based on the
introduction of the background scalar fields. However, there are some thick brane models
without scalar fields [37–43]. In this scenario, both mechanisms mentioned above are no
longer applicable, so a new coupling mechanism should be introduced. To this end, we
would like to consider the role of gravity. Gravity will always exist in various brane models
since it is a geometric property of space-time. Inspired by the non-minimal coupling between
gravity and other matter fields (called as geometrical coupling) introduced in localization
of other matter fields [54, 55, 62, 76], we naturally think of non-minimal coupling between
gravity and fermions. One of the most intuitive thoughts is to consider that the scalar
curvature R couples to fermion fields, namely the Yukawa-like geometrical coupling ηRΨ¯Ψ
(the similar couplings have been considered for vector fields [54, 55, 76] and Elko spinor fields
[62] [78] ). However, in order to get an effective potential with Z2 symmetry along the extra
dimension, and because the scalar curvature is an even function of the extra dimension,
we adopt the derivative geometrical coupling between gravity and fermions, like the one
3
given in (1), rather than the Yukawa-like coupling. This is inspired by the paper [75]. In
this paper, we will focus on the fermion localization and mass spectrum by considering the
coupling ηΨ¯ΓM∂MF (R)γ
5Ψ. The new fermion localization mechanism depends on the brane
structure and the form of F (R). We will consider some specific forms of F (R) for three brane
models to localize fermions on the branes. It will be shown that three kinds of well-known
effective potentials (volcano-like, Po¨schl-Teller(PT)-like and harmonic-like potentials) for
the left- and right-chiral fermion KK modes can be obtained.
The paper is organized as follows. In Sec. II, we mainly introduce a new localization
mechanism with a derivative geometrical coupling and derive the effective Dirac action of
the fermion KK modes including the four-dimensional massless and massive Dirac fermions.
We also obtain the effective potentials and the orthonormality conditions for the fermion
KK modes. In Sec. III, we study three kinds of thick brane models as examples. The first
model is about a sine-Gordon brane generated by a single scalar field. We investigate three
different forms of F (R) corresponding to three typical effective potentials and obtain the
corresponding mass spectra for this model. In the second model, we also study a single-
scalar-field-generated thick brane and calculate the mass spectrum of a fermion with F (R) =
R. In particular, in the last model, we consider the case of a pure geometric braneworld.
Finally, a brief discussion and conclusion is presented in Sec. IV.
II. LOCALIZATION MECHANISM WITH A DERIVATIVE GEOMETRICAL
COUPLING
In order to localize spin-1
2
fermions on a brane with codimension one, one usually needs
to introduce some localization mechanisms. In this section we introduce a new coupling
between a spin-1
2
fermion Ψ and the scalar curvature R of the five-dimensional spacetime
R: ηΨ¯ΓM∂MF (R)γ
5Ψ, where F (R) is a function of R. The corresponding Dirac action for
a massless spin-1
2
fermion coupled to the scalar curvature R is
S1/2 =
∫
d5x
√−g [Ψ¯ΓM(∂M + ωM)Ψ + ηΨ¯ΓM∂MF (R)γ5Ψ] , (2)
where η is a coupling constant and the spin connection ωM is given by
ωM =
1
4
ωM¯N¯M ΓM¯ΓN¯ (3)
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with
ωM¯N¯M =
1
2
ENM¯(∂ME
N¯
N − ∂NEN¯M)
− 1
2
ENN¯(∂ME
M¯
N − ∂NEM¯M )
− 1
2
EPM¯EQN¯ER¯M(∂PEQR¯ − ∂QEPR¯) . (4)
In five-dimensional spacetime, the anticommutation relation of the gamma matrices is
{ΓM ,ΓN} = 2gMN , where ΓM = EM
M¯
ΓM¯ with EM
M¯
and ΓM¯ the vielbein and gamma matrix
of the flat five-dimensional spacetime, respectively. The capital Latin letters M,N... denote
general five-dimensional coordinate indices; the indices M¯, N¯ ... denote the local Lorentz
frame indices.
The five-dimensional line element of a Minkowski brane takes the form
ds25 = e
2A(y)ηµνdx
µdxν + dy2. (5)
Here e2A(y) is the warp factor, xµ are coordinates for the usual four dimensions, y denotes
the extra-dimensional coordinate, and ηµν is the induced metric on the brane. Through the
conformal coordinate transformation
dz = e−A(y)dy, (6)
the line element (5) can be rewritten as
ds25 = e
2A(z)(ηµνdx
µdxν + dz2). (7)
The components of the spin connection are given by ωµ =
1
2
(∂zA(z))γµγ5 and ω5 = 0 for
the conformally flat metric (7). Then the equation of motion of the five-dimensional Dirac
fermion can be derived as
[
γµ∂µ + γ
5
(
∂z + 2∂zA(z)
)
+ η∂zF (R)
]
Ψ = 0. (8)
Now we make the chiral decomposition for Ψ(x, z)
Ψ(x, z) =
∑
n
ψLn(x)fLn(z)e
−2A(z) +
∑
n
ψRn(x)fRn(z)e
−2A(z), (9)
where ψLn and ψRn are the left- and right-chiral components of the four-dimensional ef-
fective Dirac field ψ, respectively, with ψLn(x) = −γ5ψLn(x) and ψRn(x) = γ5ψRn(x), and
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they satisfy the four-dimensional massive Dirac equations γµ∂µψLn(x) = µnψRn(x) and
γµ∂µψRn(x) = µnψLn(x). By substituting the decomposition (9) into Eq. (8), we can get
the equations of motion for the left- and right-chiral fermion KK modes fLn(z) and fRn(z):
[∂z − η∂zF ]fLn(z) = +µnfRn(z), (10)
[∂z + η∂zF ]fRn(z) = −µnfLn(z). (11)
The above two equations can also be rewritten as
U †UfLn(z) = µ
2
nfLn(z), (12a)
UU †fRn(z) = µ
2
nfRn(z), (12b)
where U ≡ ∂z − η∂zF . These equations can be written as the Schro¨dinger-like equations
[−∂2z + VL(z)]fL(z) = µ2nfL(z) , (13a)
[−∂2z + VR(z)]fR(z) = µ2nfR(z) . (13b)
The effective potentials VL,R(z) of the fermion KK modes fL,R(z) read
VL,R(z) =
(
η∂zF
)2 ± ∂z(η∂zF ). (14)
In order to reduce the five-dimensional Dirac action to the effective Dirac action of the
four-dimensional massless and massive Dirac fermions:
S1/2 =
∑
n
∫
d4x
[
ψ¯nγ
µ∂µψn − µnψ¯nψn
]
, (15)
the KK modes fL,R(z) should satisfy the following orthonormality conditions∫ +∞
−∞
fLmfLndz =
∫ +∞
−∞
fRmfRndz = δmn,∫ +∞
−∞
fLmfRndz = 0. (16)
From Eqs. (10) and (11), the left- and right-chiral fermion zero modes are
fL0,R0(z) ∝ exp
(
±
∫ z
0
dz¯η∂z¯F
)
= exp
(± ηF ). (17)
So the normalization condition is∫ ∞
−∞
exp
(± 2ηF )dz <∞. (18)
It can be seen that if the conformal coordinate z is infinite, at most one of the left- and
right-chiral zero modes can be localized on the brane.
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III. LOCALIZATION OF FERMIONS ON BRANES
Next, we mainly investigate the localization problem of a spin-1/2 fermion on a thick
brane with the new coupling ηΨ¯ΓM∂MF (R)γ
5Ψ proposed in the previous section. We take
three brane scenarios as examples. In these examples, we consider two kinds of single-scalar-
generated thick branes with different scalar potentials and a pure geometric thick brane. In
the first brane model, we construct three kinds of F (R) that generate three well-known
effective potentials. In the second model, we mainly study the case of F (R) = R. For the
last example, we briefly study the case of a pure geometric thick brane.
A. Brane model I
We first consider a sine-Gordon brane generated by a single scalar field in a five-
dimensional spacetime. The corresponding action for this system reads as
S =
∫
d4xdy
√−g
[
1
4
R− 1
2
(∂φ)2 − V (φ)
]
, (19)
where R is the five-dimentional scalar curvature. The metric ansatz is also (5). The field
equations are derived as follows:
φ′′ + 4A′φ′ =
∂V (φ)
∂φ
,
A′′ = −2
3
φ′2,
A′2 = −1
3
V (φ) +
1
6
φ′2, (20)
where the prime denotes the derivation with respect to y, besides, φ and A only depend on
y.
A brane solution was obtained in Ref. [25] for the sine-Gordon potential:
V (φ) =
3bc2
8
[
(1− 4b)− (1 + 4b) cos(
√
8
3b
φ)
]
, (21)
A(y) = −b ln (2 cosh(cy)) , (22)
φ(y) =
√
6b arctan
(
tanh(
cy
2
)
)
, (23)
where both the parameters b and c are positive constants. In this paper, we consider the
case of b = 1, for which the conformal transformation (6) is given by z =
∫
e−A(y)dy =
7
2 sinh(cy)
c
, and the warp factor and the scalar curvature in the conformal coordinate read
A(z) = − ln(√4 + c2z2) and R = 4c2 ( 28
4+c2z2
− 5), respectively.
Now we can apply the new localization mechanism to localize fermions on the brane by
some suitable choices of the function F (R). For different forms of F (R), we will get different
effective potentials for the left- and ritht-chiral fermion KK modes.
1. F (R) = lnq
(
20c2+R
52c2−3R
)
First, we choose F (R) = lnq
(
20c2+R
52c2−3R
)
with q a positive integer. The corresponding
effetive potentials are
VL,R(z) =
2qη c2 ln(q−2)
(
1
1+c2z2
)
(1 + c2z2)2
×
[
±
(
2(q − 1)c2z2 − (c2z2 − 1) ln(1 + c2z2))+ 2qη c2z2 lnq( 1
1 + c2z2
)
]
.(24)
The values of VL(z) and VR(z) at z = 0 and z → ±∞ read
VL,R(0) =


∓2c2η, q = 1
0, q ≥ 2
VL,R(±∞) = 0. (25)
When the coupling constant η converts to −η, as a result, the left-chiral effective potential
interchanges with the right-chiral one. Hence, we just consider the case of positive coupling
constant η. When z approximates to infinity, both the values of VL(z) and VR(z) vanish. For
the case of q = 1, the values of VL(z) and VR(z) at z = 0 are −2c2η and 2c2η, respectively.
For the case of q ≥ 2, both VL(0) and VR(0) are zero. Plots of the different effective potentials
are shown in Fig. 1, which shows that the effective potentials have the shape of the well-
known volcano-like one. For odd (even) q, the left-chiral (right-chiral) effective potential has
a potential well, which indicates that the left-chiral fermion zero mode could be localized on
the brane. For the case of q ≥ 2, there is a double well for the left- or right-chiral effective
potential. On the other hand, for the positive η and fixed q and c, the depth of the potential
wells increase with η, which can be seen in Fig. 2.
The solutions of the fermion zero modes are given by
fL0,R0 ∝ exp
[
±η lnq
(
1
1 + c2z2
)]
. (26)
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(a)c = 1, q = 1, η = 2 (b)c = 1, q = 2, η = 1 (c)c = 1, q = 3, η = 0.2
FIG. 1: Plots of the effective potentials VL(z) (red curves) and VR(z) (blue dashed curves) in (24)
with the coupling F (R) = lnq
(
20c2+R
52c2−3R
)
for c = 1 and different values of q and η.
(a)c = 1, q = 1 (b)c = 1, q = 1
(c)c = 1, q = 2 (d)c = 1, q = 2
FIG. 2: Plots of the effective potentials in (24) with the coupling F (R) = lnq
(
20c2+R
52c2−3R
)
for c = 1,
q = 1, 2 and different values of η. The parameter η is set to η = 1 (black dot dashed line), 2 (red
line), and 3 (blue dashed line).
In order to localize the zero modes on the brane, they should satisfy the normalization
condition ∫ ∞
−∞
|fL0,R0|2dz <∞, (27)
where the coupling parameter η is positive. When q = 1, the integrand function becomes
(1 + c2z2)∓2η, so only if η > 1/4, the left-chiral zero mode can be localized on the brane. It
can be seen from the above formula (27) that for any positive odd (even) q with q ≥ 2 only
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the left-chiral (right-chiral) zero mode can be localized on the brane with η > 0, because
the integrand function
|fL0,R0 |2 =
( 1
1 + c2z2
)±2η(ln 1
1+c2z2
)q−1
→
( 1
cz
)±4η(ln 1
c2z2
)
q−1
→
( 1
cz
)±4η(−∞)q−1
(28)
when z →∞.
2. F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
Next we consider F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
, for which the effective potentials read
VL,R(z) = qηc
2 lnq−2(sech(cz))
×
{[
± (q − 1) + qη lnq(sech(cz))
]
tanh2(cz)∓ sech2(cz) ln (sech(cz))
}
. (29)
We can also get
VL,R(0) =

 ∓c
2η, q = 1
0, q ≥ 2
(30)
VL,R(±∞) =

 c
2η2, q = 1
+∞. q ≥ 2
(31)
The left- and right-chiral effective potentials for different q and η are plotted in Fig. 3.
Also, we only consider the case of positive coupling parameter η. It can be seen that in
the case of q = 1, we have VL(0) < 0 and VR(0) > 0. Since VL(0) < 0 and the value of
VL is a positive constant at infinity (this kind of potential is called Po¨schl-Teller(PT)-like),
there exists a mass gap in the mass spectrum. The left-chiral fermion has discrete mass
spectrum with m2n < c
2η2, and continuous mass spectrum with m2n > c
2η2. However, for the
right-chiral fermion, there may be a mass gap when η > 1. Furthermore, the right-chiral
fermion cannot be localized on the brane when 0 < η ≤ 1, and at the same time there is only
one bound state with zero mass for the corresponding left-chiral fermion. We can obtain
the mass spectrum with a numerical method. For example, the mass spectra m2Ln of the
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(a)c = 1, q = 1, η = 0.7 (b)c = 1, q = 1, η = 2.5
(c)c = 1, q = 2, η = 0.3 (d)c = 1, q = 3, η = 0.05
FIG. 3: Plots of the effective potentials VL(z) (red curves) and VR(z) (blue dashed curves) in (29)
with the coupling F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
for c = 1 and different values of q and η.
left-chiral fermions (q = 1, c = 1) are
m2Ln = (0, 2.96) ∪ (4,∞), for η = 2, (32)
m2Ln = (0, 4.93, 7.95) ∪ (9,∞), for η = 3, (33)
m2Ln = (0, 9.00, 16.00, 20.98, 24.01)∪ (25,∞), for η = 5, (34)
m2Ln = (0, 18.84, 36.00, 50.98, 64.00, 75.00, 83.91, 90.63, 96.65, 99.20)
∪(100,∞), for η = 10. (35)
Here, we plot the effective potentials and the mass spectra of the fermion KK modes in the
case of q = 1 and c = 1 in Fig. 4. This also validates the view we mentioned earlier that the
ground state of the left-chiral fermion is a massless zero mode, while it is a massive KK mode
for the right-chiral fermion. We obtain a massless left-chiral fermion and some massive left-
and right-chiral KK mode fermions with the same mass. It can also be shown that the mass
of the first massive bound state and the number of the bound states increase as η increases,
which is because that VL(±∞) = c2η2 and the potential depth of VL(z) increases with η.
Besides, the discrete mass spectrum becomes more density with the increase of the mass.
Moreover, we can get the wave functions of the KK bound states with odd parity and even
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parity:
fLn(z) =


C1
[
P ζη
(
tanh(z)
)− P ζη+1(0)
Qζη+1(0)
Qζη
(
tanh(z)
)]
, even parity
C2
[
P ζη
(
tanh(z)
)− P ζη (0)
Qζη(0)
Qζη
(
tanh(z)
)]
, odd parity
(36)
fRn(z) =


C3
[
P ζη−1
(
tanh(z)
)− P ζη (0)
Qζη(0)
Qζη−1
(
tanh(z)
)]
, even parity
C4
[
P ζη−1
(
tanh(z)
)− P ζη−1(0)
Qζη−1(0)
Qζη−1
(
tanh(z)
)]
, odd parity
(37)
where, ζ ≡√η2 −m2n, P ζη (w) and Qζη(w) represent the associated Legendre functions of the
first and second kinds, respectively, and C1,2,3,4 are normalization constants.
(a)c = 1, q = 1, η = 5 (b)c = 1, q = 1, η = 5
(c)c = 1, q = 1, η = 10 (d)c = 1, q = 1, η = 10
FIG. 4: The left- and right-chiral effective potentials VL,R(z) and the mass spectra m
2
n in (29)
with even parity (blue curves) and odd parity (red dashed curves) with the coupling F (R) =
lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
for c = 1 and q = 1. The parameter η is set to η = 5 and η = 10, respectively.
For q ≥ 2, there are discrete mass spectra for both the left- and right-chiral fermions.
When q is odd, the left-chiral effective potential VL has a double well with negative values
around the brane, which could cause the localization of the zero mode, while the right-chiral
effective potential VR is an infinite potential well without negative values and so the right-
chiral zero mode cannot be localized. For even q, the shapes of VL and VR are opposite.
We plot the mass spectra m2Ln,Rn of the lower bound KK modes of the left- and right-chiral
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fermions in the case of q = 2 in Fig. 5 and the mass spectra are listed as follows:
m2Ln = ( 1, 4, 7, 10, 13, 16.5, 19.5, 23, · · ·), for η = 1, q = 2, (38)
m2Rn = (0, 1, 4, 7, 10, 13, 16.5, 19.5, 23, · · ·), for η = 1, q = 2. (39)
It is shown that only the right-chiral fermion zero mode can be localized on the brane, and
the left- and right-chiral fermions have the same KK bound states with opposite parity.
(a)m2
Ln
(b)m2
Rn
FIG. 5: The mass spectra m2Ln,Rn of the left- and right-chiral fermions with even parity (blue
curves) and odd parity (red dashed curves) in (29) with the coupling F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
for c = 1, q = 2 and η = 1.
The coupling parameter η can affect the shapes of the effective potentials, especially for
the case of q = 1, which can be seen in Fig. 6. For q = 1 and η = 1, the effective potential
VR is flat. For q = 1 and η > (<)1, VR has a potential well (barrier). For q ≥ 2, the slopes
of the effective potentials VL and VR will increase with the coupling parameter η.
We have the zero modes as follows:
fL0,R0 ∝ exp [±η lnq (sech(cz))] . (40)
In order to localize the zero mode on the brane, the following normalization condition should
be satisfied ∫ ∞
0
exp [±2η lnq (sech(cz))] dz <∞. (41)
It is easy to see that for q = 1, the left-chiral zero mode can be localized on the brane, while
the right-chiral zero mode cannot. For q ≥ 2, with the transformation ecz = t, the inte-
gral in the formula (41) becomes
∫∞
1
1
c t
( 2
t+1/t
)±2η ln
q−1( 2
t+1/t
)dt, whose integrand approaches
13
(a)c = 1, q = 1 (b)c = 1, q = 1
(c)c = 1, q = 2 (d)c = 1, q = 2
(e)c = 1, q = 3 (f)c = 1, q = 3
FIG. 6: Plots of the effective potentials in (29) with the coupling F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
for c = 1, q = 1, 2 and different values of η. The parameters are set to η = 0.5 (black dot dashed
line), 1.0 (red line), 1.5 (blue dashed line).
1
c t
(2
t
)±2η(−∞)
q−1
when t → ∞. So whether the zero mode can be localized on the brane
depends on q: the left-chiral (right-chiral) fermion zero mode can be localized on the brane
if q is odd (even). This is coincident with the analysis of the effective potentials.
3. F (R) = −
(
4(8c2−R)
20c2+R
)q
At last we take F (R) = −
(
4(8c2−R)
20c2+R
)q
. With the same procedure, we can also get the
effective potentials as follows:
VL,R(z) = 2qηc
2
[
2qη(cz)2q ∓ (2q − 1)] (cz)2q−2, (42)
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for which one has
VL,R(0) =


∓2c2η, q = 1
0, q ≥ 2
VL,R(±∞) = ∞. (43)
(a)c = 1, q = 1, η = 0.2 (b)c = 1, q = 2, η = 0.2 (c)c = 1, q = 3, η = 0.02
FIG. 7: Plots of the effective potentials VL(z) (red curves) and VR(z) (blue dashed curves) in (42)
with the coupling F (R) = −
(
4(8c2−R)
20c2+R
)q
for c = 1 and different values of q and η.
(a)c = 1, q = 1 (b)c = 1, q = 1
(c)c = 1, q = 2 (d)c = 1, q = 2
FIG. 8: Plots of the effective potentials in (42) with the coupling F (R) = −
(
4(8c2−R)
20c2+R
)q
for c = 1
and q = 1, 2 and different values of η. The parameters are set to η = 0.1 (black dot dashed line),
0.2 (red line), 0.3 (blue dashed line).
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(a) m2
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FIG. 9: The mass spectram2Ln,Rn of the left- and right-chiral fermions with even (blue curves) and
odd parity (red dashed curves) in (42) with the coupling F (R) = −
(
4(8c2−R)
20c2+R
)q
for c = 1, q = 2
and η = 0.3.
Plots of the effective potentials are shown in Figs. 7 and 8. We also set the coupling
constant η to be a positive number. For q = 1, we can get VL(0) < 0 and VR(0) > 0, and
the values of the effective potentials diverge when z → ∞. Therefore, both the left- and
right-chiral fermion KK modes have the discrete mass spectra. We get the analytical mass
spectra of the left- and right-chiral fermion KK modes in the case of q = 1 and c = 1:
m2Ln = 4nη, (n = 0, 1, 2, 3, · · · ), (44)
m2Rn = 4nη, (n = 1, 2, 3, · · · ). (45)
As can be seen from the above equation, when q takes 1, there are infinite KK bound states,
only the left-chiral zero mode can be localized on the brane and both the mass spectra
m2Ln(Rn) intervals are the constant 4η.
When q ≥ 2, VL,R(0) = 0 and both the effective potentials will diverge at the boundaries
of the conformal coordinate, so there is a discrete mass spectrum. The left-chiral effective
potential VL(z) has a double well, which could lead to the localization of the zero mode.
However, for the right-chiral effective potential VR(z) with one well, the zero mode cannot
be localized on the brane. The mass spectra of lower KK modes m2Ln,Rn for q = 2, η = 0.3
are shown in Fig. 9 and are listed as follows:
m2Ln = (0, 2, 6.5, 12.57, 19.375, 27.5, 36.25, 45.5, 56, · · ·), (46)
m2Rn = ( 2, 6.5, 12.57, 19.375, 27.5, 36.25, 45.5, 56, · · ·). (47)
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The left- and right-chiral zero modes are
fL0,R0 ∝ exp
(∓η(cz)2n). (48)
The corresponding normalization condition is given by∫ ∞
−∞
exp
(∓2η(cz)2n)dz <∞. (49)
From the above formula (49), we can easily realize that for positive η and any positive
integer n, the left-chiral zero mode satisfies the normalization condition and therefore can
be localized on the brane, while the right-chiral one cannot.
B. Brane model II
In this subsection, we consider another kind of brane generated by a single scalar field.
We assume that the warp factor in the conformal coordinate is A(z) = ln(sech(kz)). From
the coordinate transformation (6), the relation between the physical coordinate and the
conformal coordinate reads
y =
2
k
arctan
(
tanh
(
kz
2
))
. (50)
Therefore, the warp factor in the physical coordinate is given by
A(y) = ln
(
cos(ky)
)
, (51)
which indicates that there is a horizon at y = ±pi/(2k) or z = ±∞. Through the field
equations (20), the scalar field and the corresponding potential are found to be
φ(y) =
√
3
2
ln
(
tan
(
1
2
ky +
1
4
pi
))
, (52)
V (φ) =
3
8
k2
(
5− 3 cosh
(
2
√
2
3
φ
))
. (53)
Therefore, there exists a brane solution generated by a real scalar field with the warp factor
A(z) = ln(sech(kz)). The scalar field φ(z) in the conformal coordinate can also be given
with the coordinate transformation (6),
φ(z) =
√
3
2
kz. (54)
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In this case, we get R = 2k2[7−3 cosh(2kz)] and take F (R) = R. Then the corresponding
effective potentials are
VL,R(z) = 24ηk
4
[
6ηk2 sinh2(2kz)∓ cosh(2kz)] . (55)
The values of the left- and right-chiral effective potentials at z = 0 and z → ±∞ are
VL,R(0) = ∓24k4η, VL,R(±∞) = +∞. (56)
We only consider positive coupling constant η. In this condition, VL(0) < 0 and VR(0) > 0,
and both the left- and right-chiral potentials approach infinity when z → ±∞. Therefore, for
the left-chiral fermion, the zero mode could be localized on the brane, and there is a discrete
mass spectrum. While for the right-chiral fermion, the zero mode cannot be localized on
the brane and there is a series of masssive bound KK modes with m2n > 24k
4η. The mass
spectra m2Ln,Rn are shown in Fig. 11 and listed as follows:
m2Ln = (0, 2, 48.75, 102.5, 160, 220, 282.5, 347.5, 415, 635, · · ·), (57)
m2Rn = ( 2, 48.75, 102.5, 160, 220, 282.5, 347.5, 415, 635, · · ·), (58)
for η = 1 and q = 2, which shows that there are a localized left-chiral fermion zero mode
with even parity and an infinite number of KK bound states of left- and right-chiral fermions
in pairs with the same mass but opposite parity.
(a)k = 1, η = 1 (b)k = 1, η = 2 (c)k = 2, η = 1
FIG. 10: Plots of the effective potentials VL(z) (red curves) and VR(z) (blue dashed curves) in
(55) with the coupling F (R) = R for different values of k and η.
The left- and right-chiral zero modes are
fL0,R0(z) ∝ e±ηR = exp
[±2ηk2(7− 3 cosh(2kz))] . (59)
We can easily find that only the left-chiral zero mode satisfies the normalization condition.
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(a) m2
Ln
(b) m2
Rn
FIG. 11: The mass spectra m2Ln,Rn of the left- and right-chiral fermions with even (blue curves)
and odd parity (red dashed curves) in (55) with the coupling F (R) = R for c = 1, n = 1 and η = 1.
C. Brane model III
In this part, we mainly focus on a five-dimensional thick brane model in pure metric f(R)
gravity without scalar fields. On account of the absence of the scalar fields, it is necessary
to introduce the new coupling ηΨ¯ΓM∂MF (R)γ
5Ψ in order to localize a fermion.
In this example, we consider a simple thick brane model of the pure geometry in the
five-dimensional spacetime. The action of the this system is [43]
S =
1
2κ25
∫
d5x
√−gf(R), (60)
where κ25 = 8piG
(5) is the five-dimensional gravitational coupling constant. The metric still
takes the previous form (5). One thick brane solution [43] is
A(y) = − ln(cosh(w)) (61)
f(R) =
4
7
(
6k2 +R
)
cosh(α(w(R)))− 2
7
k2
√
480− 36R
k2
− 3R
2
k4
sinh(α(w(R))), (62)
where w = ky, w(R) = ±arcsech
(√
20+R/k2
2
√
7
)
and α(w) ≡ 2√3 arctan (tanh (w
2
))
.
Compared with the previous brane model I, one can easily find that the two metrics are
very similar except the difference of a rescaling factor. Therefore, we can also take different
forms of F (R) to obtain three similar effective potentials as in the model I. More specifically,
we can take F (R) = lnq
(
20k2+R
28k2
)
, F (R) = lnq
(
sech(
√
8k2−R√
20k2+R
)
)
, and F (R) = −
(
8k2−R
20k2+R
)q
,
which correspond to the three forms of F (R) in the first example, to localize the fermion
zero mode, respectively. In particular, when q = 1, one can get the corresponding volcano,
PT-like and harmonic-like effective potentials. Besides, we can also get the similar mass
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spectra. Therefore, fermions can be localized on the branes even without the appearance of
background scalar fields with our new coupling mechanism.
IV. DISCUSSION AND CONCLUSION
In this paper, we proposed a new localization mechanism in order to localize fermions on
branes. In the past, in order to localize the zero mode of a fermion on a brane generated
by a background scalar field φ, the coupling between the fermion and the background scalar
field was introduced. A usual choice is the Yukawa coupling ηφΨ¯Ψ. However, in this
mechanism, the scalar field must be an odd function of the extra dimension. Recently,
the authors of Ref. [75] have presented another localization mechanism with the coupling
ηΨ¯ΓM∂MF (φ)γ
5Ψ, which can be applied to the case of an even or odd scalar field. Inspired
by the coupling mechanism and considering the fact that the scalar curvature is an even
function of the extra dimension because of Z2 symmetry, we presented a new coupling
between the spacetime curvature and the fermion, ηΨ¯ΓM∂MF (R)γ
5Ψ, to localize the fermion
on the brane. More importantly, this new coupling is necessary for a brane model without
background scalar fields. In such brane models, because of the lack of scalar fields, the
two coupling mechanisms mentioned earlier are no longer applicable. However, our newly
proposed coupling mechanism can work very well. Then, we explored the new coupling
mechanism to study the localization of fermions and obtain the corresponding mass spectra
through three specific brane models. We only considered the case of η > 0 in this paper.
In the first brane model, the brane is generated by a single kink scalar field. For this
model, we mainly investigated the localization and mass spectra of the fermion by considering
three different forms of F (R). Firstly, we considered the case of F (R) = lnq
(
20c2+R
52c2−3R
)
, for
which the effective potentials have a volcano shape and so there is no bound KK mode
except the zero modes. For the case of q = 1, only the zero mode of the left-chiral fermion
can be localized on the brane under the condition η > 1/4. For any positive odd (even)
q ≥ 2, there appears a double well near z = 0 for the effective potential of the left-chiral
(right-chiral) KK modes and only the left-chiral (right-chiral) zero mode can be localized on
the brane.
Secondly, we took F (R) = lnq
(
sech(2
√
8c2−R√
20c2+R
)
)
. For q = 1, the effective potentials are a
positive constant at infinity, and so they are PT-like potentials. The left-chiral fermion zero
20
mode can be localized on the brane because of the negative values of VL(z) around z = 0.
In addition to the left-chiral fermion zero mode, there may exist the left- and right-chiral
bound KK modes with the same mass but opposite parity when η > 1. Furthermore, for
q ≥ 2, the effective potentials diverge at infinity. Therefore, there are discrete mass spectra
for both the left- and right-chiral fermions. Besides, when q is an odd (even) number greater
than 1, the left-chiral (right-chiral) fermion zero mode is localized on the brane.
Thirdly, we chose F (R) = −
(
4(8c2−R)
20c2+R
)q
. For the case of q = 1, the effective potentials are
the harmonic-like ones which generate the equal interval mass spectrum and the left-chiral
fermion zero mode can be localized on the brane. When q ≥ 2, there is a discrete mass
spectrum, and the left-chiral fermion zero mode is also localized on the brane.
In the second brane model, we considered another kind of brane generated by a single
scalar field. In this example, we explored a special case, that is, F (R) = R, with which we
can also obtain the localized left-chiral fermion zero mode and an infinite number of bound
KK modes of the left- and right-chiral fermions with the same mass but opposite parity.
At last, we mainly investigated a pure geometric thick brane model. As the first example,
we briefly discussed three forms of F (R) to localize the fermion zero mode. These results
show that the problem of fermion localization on the pure geometric thick brane can be
solved successfully with the introduction of this new coupling mechanism.
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